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Abstract. Using screen distributions and lightlike transversal 
vector bundles we develop a theory of degenerate foliations of semi- 
Riemannian manifolds. We build lightlike foliations of a semi- 
Riemannian manifold by suspension of a group homomorphism 
ip : Tri{B,xo) Isom(r). We compute the basic cohomology 
groups of the flow determined by a lightlike Killing vector field on 
a complete semi-Riemannian manifold. We prove a lightlike analog 
to Rummler's formula and the transversal divergence theorem of 
F. Kamber et al., 



1. Introduction 

A lightlike foliation JF of a semi-Riemannian manifold M is a foliation 
each of whose leaves is a lightlike submanifold on M, so that the restric- 
tion of the ambient metric to the tangent bundle T(jF) is degenerate. 
Therefore Rad TjF := T(jF) fi T(jF)^ 7^ and one may not develop a 
satisfactory theory (a geometry of the second fundamental form of 
in M) by a mere imitation of the theory of foliations of Riemannian 
manifolds, cf. e.g. jH], p. 62-73. Indeed the very basics (existence of 
bundle-like metrics for Riemannian foliations, building adapted con- 
nections in the normal bundle, etc.) depend upon the availability of a 
natural isomorphism a : z^(JF) ^ T(jF)-'- whose existence follows from 
the nondegeneracy of T{J-'). We solve this problem on the lines of 
(which deals with the case of a single lightlike submanifold) by using 
the technique of screen distributions and the corresponding lightlike 
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transversal bundles. Precisely we build a vector bundle tr{TT) M 
(depending on a choice of complements - the so called screen distri- 
butions - to Rad TjF in T(jF) and T(jF)-'- respectively) playing the 
role of T{J^)^ in the theory of foliations with nondegenerate leaves, i.e. 
T(M) = T(jF) © tr(TJ^), whose key property is that its lightlike part 
ltr{T!F) is not orthogonal to the radical distribution. The particular 
cases we study are those of lightlike foliations defined by suspension, 
flows of lightlike Killing vector fields, and foliations by level sets of 
lightlike functions i.e. smooth functions on a semi-Riemannian mani- 
fold whose gradient is null. By a result of Y. Kamishima, [Hj, a Lorentz 
spherical manifold M admits no timelike or lightlike Killing vector fields 
(and if M is compact and 3-dimensional there are no spacelike Killing 
vector fields as well). As an application of our theory, given a complete 
3-dimensional Lorentz manifold we may weaken the hypothesis in |2] 
by assuming that Isom(M) = 0(4, 1) and that M has the real homol- 
ogy of a pseudosphere Sfij-) proving however a less precise result: such 
M admits no complemented lightlike Killing vector fields (cf. Corollary 
nj). More general, given a lightlike Killing vector field and the corre- 
sponding flow on a complete semi-Riemannian manifold we build a 
long exact sequence of cohomology groups 

allowing one to compute the basic cohomology of the flow when the de 
Rham cohomology of M is known (e.g. when M ~ Sg{r) i.e. M is a real 
homology pseudosphere, cf. Corollary • In the spirit of H. Rummler, 
jH], and F. Kamber et al., jl], we obtain lightlike analogs to Rummler's 
formula (cf. also pi, p. 66) and to the transversal divergence theorem, 
though only on foliated semi-Riemannian manifolds without boundary, 
while the problem of producing a foliated analog of the result by B. 
Unal, [inj, is left open. 

Acknowledgements The present paper was started while S. Dragomir 
was a guest of the Department of Mathematics and Statistics of the Uni- 
versity of Windsor (June 2005) and he expresses his gratitude for the excel- 
lent working conditions there. E. Barletta and S. Dragomir were partially 
supported by INdAM (Italy) within the interdisciplinary project Nonlinear 
subelliptic equations of variational origin in contact geometry. 

2. Screen distributions and transversal bundles 

Let E ^ M he a real vector bundle of rank m (m > 2) over a 
C°° manifold M. In this paper by a (bundle) metric in E we intend 
a section g : x e M ^ e E* (g)^ E* in E* (g) E* such that g^ 
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is symmetric and has constant index md{gx) = c, for any x G M. If 
each is nondegenerate and 1 < a < m — 1 (respectively if each 
is positive definite) then g is a semi-Riemannian metric (respectively 
a Riemannian metric) in E. An arbitrary metric in is therefore 
allowed to be degenerate i.e. (Rad E)^ ^ (0) for some z e M where 

(Rad E)x = {veEx: g^^v, w)=0, we E^}, x e M. 

Nevertheless we assume in most cases that Rad E is a subbundle of E 
of rank r with 1 < r < m and then refer to 5^ as a r- lightlike metric 
while Rad E is the radical bundle of {E,g). 

Let ^ be a codimension q foliation of a real n-dimensional manifold 
M. Let p{J^) = T{M) /T{T) be the transverse bundle and H : T{M) 

the projection. Let g he a, r-lightlike metric in T(jF) where 1 < 
r < min{m, g} and m = n ~ q . Then [T, g) is a tangentially lightlike 
foliation of M and Rad TJ^ is its tangential radical distribution. It is 
with this sort of foliations that the present paper is mainly concerned. If 
M is a n-dimensional semi-Riemannian manifold of index 1 < s < n — 1 
and the metric g above is induced in T(jF) by the ambient metric then 
each leaf of JF is a degenerate or lightlike submanifold of M (cf. PP, p. 
140). We also adopt the terminology in Table 1. 

Similarly if gq is a p-lightlike (1 < p < ^7) metric in Q = v{J^) 
such that V xgq = for any X e T{J^) then {T^gq) ia a transversally 
lightlike foliation. Here V denotes the Bott connection of (M, JF) i.e. 
Vxs = n[X, y] for any C°° section s in Q and any Y G T{M) such 
that U{Y) = s. 

Let be a tangentially lightlike foliation of the semi-Riemannian 
manifold {M,g). We set 

T{T)^ = {V e T{M) : g{V, X) = 0, X G T(J^)}. 

Let S{TJ-') and S{TJ-'-^) be complements to the tangential radical dis- 
tribution in T(JF) and T(jF)-'-, respectively. Then 

(1) r(J^) = S{TJ^) © Rad TJ^, 

(2) T(J^)^ = S{TJ^^) © Rad TJ^, 

and (by Proposition 2.1 in [1^, p. 5) both S{TJ-') and S'(TjF-'-) are 
nondegenerate. Consequently 

(3) T(M) = S{TJ^) © S{TJ^)^. 

If T(jF) were nondegenerate then the ambient semi-Riemannian metric 
g would induce a bundle metric in i^(JF) by the natural isomorphism 
z/(jF) ^ T(jF)-'-. As to the study of tangentially lightlike foliations 
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we circumvent the difficulties (arising from the failure to decompose 
T{M) = T{T) © T(JF)-'-) by using lightlike transversal bundles (as in 
the theory of lightlike submanifolds, cf. P, p. 139-148). 





r 


(I) r — lightlike 
(II) CO — isotropic 
(III) isotropic 
(IV) totally lightlike 


1 < r < min{m, q} 
1 < r = q < m 
1 < r = m < q 
1 < r = m = q 



Table 1. Classification of tangentially lightlike foliations 
of semi-Riemannian manifolds according to the rank 
of their tangential radical distribution. 

Let us start by noticing that 

(4) s{t:f)^ D S{TJ^^). 

Indeed if X e S{TJ^^) C T(J^)^ then X is orthogonal to T(J^) D 
S{TT) hence X e SiTT)-^. Next, since S{TJ^^) is nondegenerate 

(5) S{TJ^)^ = SiTJ^^) © S{TJ^^)^. 
We shall need the following 

Lemma 1. Let {^i, ■ ■ ■ ,C,r} be a local frame of Had TT defined on the 
open set U C M. There exist Ni e r°°([/, S{TT-^)^), 1 <i <r, such 
that g{Ni,Q = 6ij and g{Ni,Nj) =0. 

Proof. Note ffist that 

(6) RadTJ^C 5(TJ^^)^. 

Indeed if X G Rad TJ^ then X is orthogonal on T{J^)^ D S{TJ^^) 
hence X G S(TJ^^)^. Next we choose a complement E to Rad TjF so 
that 

(7) S{TJ^^)^ = (Rad TJ^) © E. 

Consequently dim^ E.j. = r for any x G M. Let then {Vi, ■ ■ ■ , l^} be a 
local frame of E on U. One may look for the Xj's in the form 

N, = A^Ck + BlVu 
for some C°° functions , R with the requirement 

5i,=g{Ni,Q = B^g,k 
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where gjk = g{C,j, Vk). Let us set G = det[gjk]- We claim that G{x) ^ 
for any x E U. The proof is by contradiction. If G{xo) = for some 
Xo G f/ then there is f = (f ^, ■ ■ ■ , f G W \ {0} such that 

(8) gjkixoy = 0, 1 < A; < r. 

Let us set w = v^^j^^, e (Rad TJ^)^^ C S{TT^)^. Then (by ©) 
5a;o('«^>'^fc,xo) = 0. Also gxo{u^ , ^k,xo) = by the very definition of w. 
Then w sits in S{TJ^^)^^ \ {0} and (by ((Tj)) it is perpendicular on 
S{TJ^^)^^ i.e. 5'(TJF-'-);^^ is degenerate, a contradiction. Therefore 
it is legitimate to consider [g^^] := [gjk]~^- Then i?^^ = g'^^ and the 
requirement 5'(iVj, Nj) = yields 

AHA;. + ^7'=V^^7(Vfc,v,) = o 

and we may choose Aj := —\g^^g^^g{yk-,Vi). Lemma ^ is proved. In 
particular (with the notations of Lemma {.^i, ■ ■ ■ ,E,r-,Ni, - ■ ■ , A^r} is 
a local frame of S{TJ^-^)-^ on U . Let us set 

r 
i=l 

Lemma 2. The definition of the bundle ltr{TJ^)x doesn't depend upon 
the choice of local frames {^j} o/Rad TJF and {Vk} of E atx. Moreover 
ltr{TJ-') = Ux^Mltr{TJ-')x is a vector bundle over M and 

(9) S{TJ^^)^ = (Rad T^) © ltr{TT). 

The proof of Lemma El is imitative of that of Theorem 1.4 in p[], 
p. 147, and is omitted. We call /tr(TjF) — > M a lightlike transversal 
vector bundle with respect to the pair (S'(TjF), S'(TjF^)). Also 

(10) tr(TJ^) := Ztr(TJ^) © S{TJ^^) 

is a transversal vector bundle. Then (by 0, © and 

T(M) = ^(TJ^) © S{TJ^^) © (Rad TJ^) © ltr{TJ^) 

hence 

(11) T(M) =T(J^)©tr(T^). 

Let a : z^(J^) ^ tr{TT) be the bundle isomorphism given by 

a{s) = tra(y), n(F) = s, Ye T{M), 

where tra : T{M) — > tr{TT) is the natural projection associated to the 
decomposition (fTT|) . Let us set 

6-^(5, r) = 5'(o-(s) , o-(r)), s, r G //(J"). 
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If gtra is holonomy invariant, i.e. Cxgtra. = for any X G T{J^), then 
g is said to be bundle-like. Here Cx denotes the Lie derivative in the 
direction X. Let Q = for simphcity. One expects gtra. to be 

degenerate, as well. Indeed, if we set 

Rad Q = {s eQ : gtrsi{s, r) = 0, r e Q} 

then we have 

Proposition 1. Let J-" be a lightlike foliation of the semi-Riemannian 
manifold (M, g) and ltr{TT) M a lightlike transversal vector bundle 
associated with the screen distributions S(TJ^) and S(TJ^-^). Then 

(12) a{RadQ) = ltr{TJ^). 



Proof. Let G ltr{TJ-') and r E Q. As is orthogonal to tr[TJ-') 

gtUcr-\N),r) = g{N,a{r)) = 

it follows that a~^{N) G Rad Q. For the opposite inclusion let s G 
Rad Q and Z G tr{TT). If we set r = a~^{Z) G Q then 

(13) ^ = gUs,r)=g{a{s),Z). 

We have s = Il{Y) for some Y G T{M). As a consequence of ()10|) - (fTT|) 
Y = X + N + VfoT some X G T(J^), A^ G /tr(TJ^) and V G 5(TJ^^). 
Then ct(s) = A^ + 1/. Let G S{TJ^^). Applying ^ for Z = W 
gives g{V, W) = and then V = since S{TJ^-^) is nondegenerate. It 
remains that o"(s) = A^ G Rad Q and Proposition is proved. 

By (jlUj) and Proposition Q a canonical choice of screen distribution 
in Q is S{Q) := a~^S{TT^) so that 

Q = S{Q) © Rad Q. 

Let be the Levi-Civita connection of {M,g). We also consider 

^ ^ /Vx5, X G T(^), 

\nV^a(s), Xeltr{TJ^). 

One checks easily that 

Proposition 2. V a connection in Q andT\r = 0, where Tv(F, 2') : = 
VyHZ- VznF-n[r, Z] /or any Y, Z e T{M). Moreover g is bundle- 
like if and only if 'W gtra. = 0. 
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3. Lightlike foliations defined by suspension 

Let {N, h) be a semi-Riemannian manifold and j : B "—>■ N a, m- 
dimensional connected lightlike submanifold i.e. (Rad TB)^. = {X G 
Tx{B) : gB,x{X,Y) =0, Y E Tx{B)} {x G B) has constant dimension 
1 < p < min{m, i} {i = dimjR — m). Here qb = j*h. Let B be the 
universal covering manifold of B and p : B ^ B the projection. We 
set = p*gB- Next let us consider a g-dimensional connected semi- 
Riemannian manifold (T, qt) and the warped product M = T x j B i.e. 
M is the product manifold T x B endowed with the (0, 2)-tensor field 
9 = Pi 9t + if ° PiY P2 9b where / (the warping function) is a 
function / : T (0, +00). Also pi : M ^ T and p2 : M ^ B are 
the natural projections. Our notion of warped product generalizes 
slightly that in [7j, p. 204, as g is not a semi-Riemannian metric 
{{M,g) has a nontrivial radical distribution). Let be the foliation 
of M whose leaves are the fibres of pi i.e. T(jF) = KeT{dpi) and 
M/J-'= {{y} X B : y G T}. The same symbol g denotes the induced 
metric in T(jF). 

Lemma 3. g is a p-lightlike metric in T{!F). 

Proof. We set as customary 

(Rad rj^)(,,,) = {X G T(J^)(,,,) : ^(,,,)(X, F) = 0, F G r(^)(,,,)} 

for any y E T and x E B. If Oy : B ^ M is the canonical injection 
aj^(x) = (y, x) then 

(14) (Rad TJ^)(j,,i) = {diay){Rad TB)^ . 

Indeed 

(Rad TT)(y^s:) = {X e Ker((i(j^,i)pi) : {pi gT+ 

Hfopif p;(7^)(^,)(X,F)=0, r G Ker(rf(,,,)pO} = 

= {X G Ker(rf(j^,£)pi) : g^ ~{{d(^y^^)P2)X, {d(^y^^)P2)Y) = 0, 

F G Ker((i(y,i)pi)}. 

Note that KeT{d(y^x)Pi) = {.dxay)T^{B) . Let X = {d^ay)v with w G 
Tx{B). As P2 o ay = 1 (the identical transformation of 5) it follows 
that ((i(y^s)P2)X = t>. We conclude that 

(Rad Tp)^y^i) = {{d^ay)v : 5'B,i(^, w) = 0, we Ti{B)} 
and (fT^ is proved. □ 
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Let if : TTii^B, xq) Diff (T) be a homomorphism of the fundamental 
group of B with base point xq G -B into the group of all C°° diffeomor- 
phisms of T in itself. Also we think of B as the set of all homotopy 
classes of paths issuing at xq. Let M x tti{B,xo) M he the natural 
action given by 

x) = ((/?([7]-i)(y), X- [7]), {y,x)eM, [7] G 7ri(B,Xo), 

and let M = M/ni{B, xq) be the quotient space. Let JF be the projec- 
tion of JF on M i.e. the foliation of M whose leaves are the projection 
of the leaves of 

M/J^ = {tt{L) : L G M/J^} 

where vr : M ^ M denotes the natural projection. Infinitesimally 
T{J^)n{y,x) = Wc Say JF is the foliation of M defined 

by suspension of the homomorphism (f. Let us consider the map p : 
M ^ B given by p(7r(t/, x)) = p{x). Then p : M B is a fibre bundle 
with standard fibre T and structure group G = ip{7Ti{B , xq)) . See also 
[H], p. 29. As well known (cf. e.g. jB], p. 28) M admits a natural 
C°° manifold structure such that ir : M ^ M is an etale mapping i.e. 
Ker((i(y_i)7r) = (0) for any {y, x) G M. 

Lemma 4. If G G Isom(T) and f is G-invariant then g is tti{B,Xq)- 
invariant. In particular there is a metric g in T{M) such that n*g = g. 

Here Isom(T) denotes the group of isometries of the semi-Riemannian 
manifold {T^gx)- Proof of Lemma^ Let [7] G tii{B,xq) and m, f G 
T(j,,j.)(M). Then 

gRy^^{y,x){A,B) = 5'T,¥,([7]-i)(2;)((c?iJ[^j(y,i)Pl)^, 5) + 

+ /(<^([7]"^)(2/))^£/B,£.[-y]((c^RM(?/,£)P2)^, {dln^^{y,x)P2)B) 

where A = {d(^y^x)R['y])u and B = ;j)_R[^])t>. Note that 

Pi ° %] = Vibr^) °Pi, P2° R[^] = ^[7] ° P2 , 
where D[^] : B ^ B is the deck transformation D[^](x) = x ■ [7]. Then 

{R\^^g){y,i){u,v) = {<^{[-f]-ygT)y{{d(^y,x)Pi)u, id(^y,x)Pi)v)+ 

+ fi^i['l]~^)iy)fiDl^]9B)x{{d^y,x)P2)u, {d(^y,x)P2)v) = g(y,i){u,v). 

To prove the second statement in Lemma 0] let p G M and X, F G 
Tp(M). Then p = 7r(?/, x) and X = {di^y^x)T^)u, Y = {di^y^x)T^)v for some 
y E T, X E B and u,v E T(^y^s:){M). We set 

gp{X,Y) := g(^y^s:){u,v). 



9 

We only need to check that the definition doesn't depend upon the 
choice of representatives. If {y',x') G 7r^^(p) then {y',x') = R[^]{y,x) 

for some [7] G 'Ki{B,xo). If u',v' G T(y/ £/)(M) are other representatives 
of X and Y then vr = 7roi?[^] yields u'—{d(^y^i:)R[^])u G Ker((i(y^i)7r) = (0) 
i.e. u' = {d(^Y,x)R['y])u and similarly v' = {d(^y^x)R['y])v- Finally (by 
Lemma ID) g{y',x')iu',v') = {R*^^^g)(^y^i){u,v) = g(^y^i){u,v) i.e. gpiX,Y) 
is well defined. □ 

The same symbol g denotes the induced metric in T{J^). 

Proposition 3. Let T he a connected semi-Riemannian manifold, j : 
B ^ N a connected lightlike suhmanifold of the semi-Riemannian 
manifold {N, h) such that the induced metric j*h is p-lightlike, and 
B the universal covering manifold of B. Let ip : 7ri(i?,xo) — * Isom(T) 
he a group homomorphism and let M = T x f B he a warped prod- 
uct with a G-invariant warping function / : T — * (0, -\-oo) where 
G = (f{TTi{B,XQ)). Let M = M /tti{B,xq). Then the foliation T of 
M defined hy suspension of the homomorphism (f is tangentially light- 
like and g is a p-lightlike metric in T{T). 

Proof. The tangential radical distribution is (Rad TJ^)^^^^^^) = 
= {Xe T(^)^(,,£) : g^iy,,){X, Y)=0, Ye T{TUyr,)] = 

= {{d(y^s:)T^)u : {7r*g)^y^^-){u,v) = 0, u,v e T{:F)(^y^i)} = 
= (c?(y^5;)7r)(Rad TT)(^y^i,) = ((i(y,i)7r)(4ay)(Rad TB)^ 
(by (HH)). Next p*gB = gs yields 

(15) (4p) (Rad TB)^ = (Rad T5)p(s) 

for any x e B. Our previous calculation, the identity (fT3j) and the 
commutativity of the diagram 

B ^ M 

Pi i 

B ^ M 

imply that 

(16) ((i^(j^,i)p)(Rad TJ^)^^y^i:) = (Rad TB)p(^^) . 

Cf. again jB], p. 29, the fibres of p are connected total transversals of 
{M,J^). In particular 

T^{y,x){M) = T{T)-„(^y^x) © Ker((i^(j^,£)p), 7r(?/, x) G p'^{p{x)). 

Hence the restriction of dT,(^y^^)P to (Rad TJ^)^y^£') is a M-linear isomor- 
phism. 
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4. Lightlike Killing vector fields 

For each lightlike foliation JF of the semi-Riemannian manifold M we 
denote by the space of all basic differential fc-forms on (M, JF) 

i.e. liu e then XJ w = and X J rfcu = for any X G T{T). 

In particular r2^(jF) is the space of all basic functions (/ G C°^(M) is 
basic if X{f) = for any X G T(J^)). Let 

be the corresponding cohomology groups (that is the basic cohomology 
of (M, JF)). By standard foliation theory H^{J-') = M and there is a 
natural injection i^^(J^) ^ H\M,R) (cf. e.g. ^, p. 119). 

Let (M, g) be a geodesically complete semi-Riemannian manifold 
and ^ a lightlike Killing vector field on M. Then (cf. e.g. [7j, p. 
254) ^ is complete. Let H be the global 1-parameter group of global 
transformations of M obtained by integrating ^. Let G = if be the 
closure of H in Isom(M, g). We assume from now on that G is compact. 
For instance, if (M, g) is a Lorentz manifold {s = 1) and Isom(M, g) = 
0{n + 1, 1) then the closure of any lightlike 1-parameter subgroup is 
compact, cf. Lemma 3.1 in [S], p. 584. Let Q'{M) be the de Rham 
algebra of M and Q*{M)'^ the subalgebra of all G-invariant differential 
forms i.e. if G Q*{M)^ then C^uj = 0. Let JF be the codimension 
q = n — 1 lightlike foliation of M such that T(jF) = R^. It is immediate 
that 

Proposition 4. Either J-" is isotropic or M is a Lorentz surface {n = 2, 
s = 1) and T is totally lightlike. 

Next, note that 

(17) Q'^Bi^) C Q\Mf , k>0. 

Let i^ : Q^{M) Q^~^{M) be the interior product with ^ i.e. i^u = 
for any to G fi'=(M). Then 

(18) i^Q\Mf CQ''-\J^), k>l. 

Indeed, let u G Q'^{M)'-^ and f] = i^uo. Then i^rj = i'^u = and 

i^dr] = i^C^to — i'^dcu = 

by Cartan's formula. Our main purpose in the present section is to 
establish 

Theorem 1. 

Let^ be a lightlike Killing vector field on the complete semi-Riemannian 
manifold {M,g) and the 1- dimensional foliation tangent to ^. Let G 
be the closure in Isom(M, ^f) of the 1-parameter group generated by ^. 
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Assume that there is a globally defined G-invariant vector field V 
on M such that 

(19) S{TT^)^ = (Rad TJ^) © RV. 

IfG is compact then for any k > 1 there is a linear map A : H^^{!F) 
Hb^^{J^) such that 

(20) iJ|(^) ^ H\M, M) ^ Hl'\j^) ^ Hl^\j^) 

is a long exact sequence, where j : r2^(jF) — >• Vt^[M)^ is the inclusion. 
In particular, if M is compact then diniu if^ (JF) < oo. 

Proof. The map i^ : ^l^{Mf ^B~\^) is surjective. Indeed, 
let V G S{TT'^) as in Theorem ^ Then (by the proof of Lemma P) 
di^-i ^) 7^ everywhere on M. Let us set 

so that g{i, N) = 1 and g{N, N) = 0. Since 

^gi^, V)) = iC^g){^, V) + g{^, C^V) = 0, 
V)) = iC^g){V, V) + 2g{C^V, V) = 0, 

it follows that 

(21) ^^A^ = 0. 

Let us consider the 1-form a G Q^{M) given by a{X) = g{X,N) for 
any X G T{M). Note that a is G-invariant. Indeed (by ()21|) ) 

{C^a)X = i{g{X, N)) - g{C^X, N) = {C^g){X, N) = 

for any X G T{M). Consequently, for any u G fi^^^(jF) the /c-form 
a A C(j is G-invariant. Finally 

i^{a /\uj) = {i^a)uj = u 

so that i^ is on-to, as claimed. The next step is to observe that 

(22) fi|(J^) ^ n\Mf ^ ^b'\J^) -> 

is a short exact sequence. By (jl7j) and the first part of the proof of 
Theorem Q one only needs to check exactness at the middle term. If 
LO G Q'^{J-') then i^u = because is a basic form. Viceversa, let 
cu G Ker(ig) C ^'^(M)^. Then i^co = and C^cu = hence to G (J^). 
Let us consider the map 

A:i7|-i(^)^/f|+i(^) 
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given by A[uj] = [da A u] for any uj G ^(J^) with dui = 0. As 
i^u = and i^a = 1 one has 

A u;) = (z^ da) A = — d i^a) A u; = 0, 

C^{da A u) = {C^ da) A u = {d da) Au = 0, 

hence da A lu E ^l'p'^(J^). Also the form da A u; is closed, so that its 
cohomology class mod d f2^(jF) is well defined. One checks easily that 
the definition of A[uj] doesn't depend upon the choice of representative 
in [a;] . At this point one may use the sequence ()22|) and the map A to 
build the sequence 

which yields ()20|) as the compactness of G implies {Vt' {M)'~^) ^ 
H''{M,R) (cf. e.g. [3, p. 151). Since (j221) is already exact we need 
to check exactness in pO|l only at the terms of the form if^^^(jF). For 
any uj G fi'^(M)*^ with du = we have 

A{i^)^[uj] = [da A i^u] = [d{a A i^u) + a A di^uj] = 

= [a A {C^uj — i^du)] = 0. 

Viceversa, if [rj] G Ker(A) then rj G n^~^(jF) and drj = and 

da A 1] = dp 

for some P G f2^(jF). Then u := a Ar] — P is a. closed G-invariant form 
and i^P = yields (i^)*[u;] = [r]]. Theorem [T] is proved. □ 

With the notations above a lightlike Killing vector field ^ is said to be 
complemented if there exist nowhere zero globally defined G-invariant 
vector fields W G S{TJ^^) and N G ltr{TJ^) such that 1) [W, N] = 0, 
2) W is spacelike and g{^, N) = 1, and 3) for any / G fl%{J^) there are 
a, be rtU^) such that N{b) - W{a) = f. 

Proposition 5. Let M be a "i- dimensional semi-Riemannian manifold 
and ^ a complemented Killing vector field on M. Then H^{J^) = 0. 

Proof. We may assume without loss of generality that g{W,W) = 1. 
Otherwise we set W = g(W, W)~^^'^W and observe that C^g = and 
C^W = yield C^W = 0. Let us set 

X{X)=g{X,N), fi{X)=g{X,0, vi^) = g{X,W), 

for any X G T{M). Then any Q G i7^(jF) is given hj Q = f fi At] for 
some / G Q% (JF) . Indeed ^ J i7 = implies that Q% (JF) is spanned by 
IJ, Afj. To see that the coefficient is a basic function one must compute 
dQ. Note that (by = 0) 

2(e J d/x)X = e(/x(X)) - X(/x(0) - X]) = 
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= mx,0) - 9i^iX,0 = ic^g)ix,0 = 

for any X G T{M). Therefore /i G Q^^lJ-"). Similarly (by ri{^) = 0) 

2(e J dv)X = aviX)) - X(77(0) - Vii^, X]) = 

= ag{X, W)) - g{C^X, W) = (C^g) (X, W) + g{X, C^W) = 
so that 1] G Finally the identities 

ej {df A/iAr/) = ^^{f)fiAr], 

2 2 
ej (rf/iAr^) = - (ej rf/i) Ar/ = 0, ^ J A rfr/ = - /i A J rfr^) = 0, 

together with ^ \ dil = yield ^(/) = 0. 
Next note that 

(23) dfi = 0, dr] = 0. 

Indeed ^ \ dfi = yields dfi = h fi A r] for some G C°°(M). On the 
other hand 

h = 2{dfi){N, W) = 
= N{^,iW)) - WifiiN)) - /.([iV, W]) = 
= g{^, [W,N]) = 0. 

The proof that dr] = is similar. Let now u G ^^^(JF). Then ^ \ u = 
yields u = afi + br] for some a, 6 G C°°(M). By (j2SI) 

du = da A n + dh Ar] = 

= (^(a)A + iy(a)r/) A + (e(6)A + N{b)fi) Ar] = 

= ^(a) XAI2 + ^{b) XAr] + {N{b) - W{a)) /i A r/ 

and = 2 \ duj = C,{ci) fJ' + ^{b) rj shows that both a and b are basic 
functions. Finally 

Ker(rf : fi|(J^) ^ ■) _ 



dQ^iJ^) 
{ff,Av:fen%{J^)} 



{(iV(6) - W{a)) fiAr]:a,ben%{J^)} 
Proposition El is proved. 



0. 



Corollary 1. Let (M, g) be a complete dimensional Lorentz manifold 
with Isom(M, (yf) = 0(4,1). If M ^ Sf{r) i.e. M is a real homology 
pseudosphere Sf{r) then M admits no complemented lightlike Killing 
vector field. 
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Here S'"(r) is the pseudosphere i.e. S'"(r) = {x E 



sn+l 



E 



En 
j 



x^j = r'^} (r > 0). As well known 



rv^2 _ 
j=l -^j 







if j e {0,n - u}, 
otherwise. 



The proof of Corollary ^ is by contradiction. Let ^ be a complemented 
lightlike Killing vector field on M and let H be the 1-parameter group 
of transformations generated by ^. Its closure G = if C 0(4, 1) is com- 
pact (by Lemma 3.1 in jS]) hence G is a torus. The proof of Theorem 
in relies only on the existence of G S(TJ^-^)-^ such that g{C,,N) = 1, 
g{N, N) = and C^N = so that we obtain the long exact cohomology 
sequence fl20|) . In particular 

(24) H\M, R) ^ //b(J^) ^ Hl{J^) H^{M, M) ^ Hj^iJ^) 

is exact. Since M is assumed to have the real cohomology of Sf{r) one 
has H°{M, R) = H^{M, M) = R and H\M, R) = 0. Thus Hj^lj^) = 
and yields the exact sequence 







0, 



in contradiction with Proposition |31 Corollary ^ is proved. Under 
the same assumptions as those of Theorem ^ (with M not necessarily 
compact) one also has 

Corollary 2. 1) //M ~ S^+^r) then for any i > 1 







if A(1)^0, 
if A(l) =0, 



R ifi7^(^)^0, 
if/f^(J^) = 0, 

2) IfM 



where A : R ^ H'^{J^) is the map A(c) = c[da], c G 
^^^^(r) then for any i > 

hT\^) = 0, 

if 3 / G G°°(M) withe(/) = 1 
2 — dimensional otherwise. 

3) Assume that M ~ S^^'^{r) for some fixed 3 < p < n — 1 

if J = even, „ , . , ^ 
< ? < p — 1, 

if J = odd, 

1 



Then 



nm, i<j< 



n — p 



H 



B 



{:f)^hi^\:f), i<j< 



2 

n — p 



I. 
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Moreover one has either that i) j^,HP{J-') = and then ^{^) ~ 
HP{T), or that ii) j^H^{J-') = M and then either (JF) = and 
H^{J^) =R or H^b'^{J^) ^ and dimu H'b{J^) = 2. Fmally either iii) 
= and then H^b^{T) ^ H''~^{J^), or iv) {i^)^{l) 7^ and 
then (l\m^H^^^{J^) = dim^ H^~^{J^) — 1. 

Here [a] G Z is the integer part of a G M. A similar result holds when 
M is a real homology pseudohyperbolic space. Proof of Corollary^ 
Statement 1) in Corollary El is a straightforward consequence of (pH) 
and W{M) = Ri{n = u+j {1 < j <n-l) and W{M) = otherwise. 
Statement 2) requires again ()20|) and the following 

Lemma 5. // there is f e C^{M) such that ^(/) = 1 then Hl{r) = 
R. Otherwise dim^ H^Ij^) = 2. 

Proof Let / G C°^{M) such that ^(/) = 1 and let us set cu := a-df. 
Then ^ \uj = 0. Also du = da so that C, \ du = 0. Hence u G fi^(jF) 
i.e. a; is a basic form and then A(l) = [da] = [duj] = G H'^{J^). Note 
that H]^{T) ^ H^{M) = 0. Then A(M) = and the exactness of 

imply that : ^ M. Otherwise A(R) ^ and if|(JF)/A(M) ^ 

M so that Lemma El is proved. Finally, statement 3) in Corollary El is 
implied by ()20|) and the fact that all cohomology groups of M vanish 
except for Hp{M) ^ R. 

5. Rummler's formula for lightlike foliations with 
trivial radical distribution 

Let (JF, S'(TjF), S(TJ^^)) be a r-lightlike foliation of the semi- 
Riemannian manifold M, together with a choice of screen distribu- 
tions. We say that is tangentially (respectively transversally) screen 
oriented if S{TJ^) is oriented (respectively if S{TT'^) is oriented). 
As both screen distributions are nondegenerate we may consider the 
local orthonormal frames {Xa '■ 1 < a < m — r}in S{TT) and 
{Wa : 1 < a < g — r} in S{TJ-'-^), defined on the open set U C M. 
Then g{Xa,Xh) = eaSab and g{Wa,Wp) = ej^^p (where = 1). 
Moreover we set uj"-{X) = g{X,Xa) and ri°'{X) = g{X,Wa) for any 
X G T{M). If JF is tangentially screen oriented then the local (m — r)- 
forms cu^ A ■ • ■ A cu™'"'' glue up to give a (globally defined) (m — r)-form 
Xs{t:f) on M. 

We shall need a lightlike counterpart of Rummler's formula, cf. H. 
Rummler, (or identity (6.17) in p. 66). To this end one ought to 
build a lightlike analog of the characteristic form xj^ of a tangentially 
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oriented foliation JF of a Riemannian manifold, cf. p. 65-66. We 
do this under the additional assumption that 

Rad TJ^^ Mx W 

(the trivial bundle). If this is the case, let {^j : 1 < i < r} be a globally 
defined frame (fixed through the remainder of this section) of Rad TjF 
and let {iVj : 1 < i < r} be the lightlike vector fields furnished by 
Lemma ^ The construction of Ni depends on a choice of complement 
E to Rad TjF in S{TJ^-^)-^ as in (|7j) and on the choice of a local frame 
{Vi : 1 < i < r} of E on U C M, so that a priori the A^j's are but 
locally defined. Nevertheless if E is fixed as well and {V^':l<i<r}is 
another local frame of E on U' O M then A^^' = Ni on UnU'. Therefore 
the proof of Lemma ^ yields a globally defined system of vector fields 
Ni e S{TJ^^)^ such that g{^i, Nj) = 6ij and g{Ni, Nj) = 0. We set 
X%X) = g{X,Ni) and fi%X) = g{X,^i) for any X G T(M). Moreover 
let X:f be the m-form on M given by 

= A ■ ■ ■ A A'' A XsiTj^)- 

We emphasize on a number of elementary properties of the local frame 
{Xa, ^i,Wa,Ni}. First g{Ni, Nj) = may be written 

(25) X\Nj) = 0, l<i,j<r. 
Next 

G S{TJ^^) C r(J^)^ ± r(J^) D S{TJ^) 3 Xa 
hence g{Xa, Wis) = i.e. 

(26) uj'^iWfs) = 0, l<a<m-r, 1 < [3 < q - r. 
Moreover 

Ni G ltr{TJ^) C S{TT^)^ ± S{TT^) 3 Wp 
hence g{Ni, Wp) = i.e. 

(27) X^(W(3) = 0, l<i<r, I < P < q - r. 
Also 

Ni G ltr{TJ^) C S{TJ^)^ ± S{TJ^) 3 Xa 
so that g{Xa, Nj) = i.e. 

(28) ^"(A^i) =0, 1 < a < m - r, 1 < j < r. 
Then (|2SI)-(I2HI) imply that 

(29) tr(TJ^) J A* = 0, tr(TJ^) J cu" = 0. 
In particular tr(TJ^) J = and 

Xri^U ■■■ ,Cr,^l, ■ ■ ■ ,^m-r) = 1/m! . 
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Let tan : T{M) T{J^) be the natural projection associated with the 
decomposition (HH). If Z G V°°{tr{TJ^)) then 

m 

-Y^xAYi,--- ,tMZ,Y,],--- ,YJ 

j=i 

for any Yj G T(jF). We wish to evaluate this identity at Yi = C,i and 
Ya+r = The first term on the right hand side vanishes. By 
one has tan(X) = X\X)^, + e"tu"(X)X„ for any X G T(M) (where 
= ea). Hence 

Proposition 6. Let (JF, S{TJ^), S'(TjF^)) be a r -lightlike foliation of 
codimension q of a n- dimensional semi-Riemannian manifold (M, g) 
such that 1 < r < m — 1 and 1 < r < g — 1 where m = n — q. Let 
us assume that Rad TjF is trivial and let = (^i, ■ ■ ■ ,^r) be a global 
frame o/Rad TJ^. If we define n = E) by setting 

k{X) =0, X G T(^), 

k{Z) = + e"^"([Z,Xj), Z G tr(T^), 

i/ien K G n\M) i.e. K is globally defined and its definition doesn't 
depend upon the choice of local orthonormal frames {Xa\ C S{TJ^) 
and {Wa} C S(TJ^^). If J-" is tangentially screen oriented then 

(30) CzX:f + <Z)xT = 

on T{T) ® ■ ■ ■ O T{T) for any Z G tr{TJ^). 

The identity (j3U|) is the lightlike analog to the Rummler formula we 
were seeking for while k is formally similar to the mean curvature form 
of a Riemannian foliation (cf. e.g. W\i P- 67). Let h be the second 
fundamental form of the foliation JF i.e. 

/i(x, Y) = nv^r, X, r G t(^). 

See also (6.1) in [HJ, p. 62. Let hs(Tj^) be the restriction of h to 
S{TT) ® S(TJ^) and Ts(Tr) the trace of hs(Tr) with respect to g i.e. 

rs{TT) = traccg hs(Tj^) 

(locally Ts[Tr) = J2^=i ^ah{Xa, Xa)). As it turns out, in the case of 
lightlike foliations of semi-Riemannian manifolds neither Tsirr) is the 
mean curvature vector of the distribution S{TT) in (M, g) nor k equals 
'Ts{TT) (but rather ts{tj^) plus extra terms whose geometric meaning is 
rather obscure). Indeed (as is torsion-free and V^g = 0) 

KiZ) = A^([Z,6]) + e'^^7(V|X„X,) -e"(?(Vx.^,Xj = 
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that is 

(31) K{Z) = \\[Z,^)+g{Z,HsiTT)) 

where Hs(tt) is the mean curvature vector of S(TJ^) in (M, g) i.e. 

Hs{Tr) = tracec,i?s(T^) , 

BsiT^){X, Y) = (V^r)5(T^)x , X,Ye SiTJ^), 

and Vs(Tr)^ is the ^(TJF) -"--component of V E T{M) with respect to 
the direct sum decomposition Q. Indeed, as 

S{TJ^)^ = trirr) ® Rad 

S(TJ^)^ is locally the span of {Ni, Wa,^i} hence 

m—r 

g{Hsi^Tr).Z) = Y,^''9{^'xXa, Z) 

a=l 

and (pTTjl is proved. The identity (p?T|) also shows that k is indeed 
globally defined. On the other hand, if s := 11(2') then 

^7tra(s, rs(T^)) = ^e"(7(2,tra(V^^X,)) 

a 

SO that 

g{Z, Hs(Tr)) = gUs, ts^t^)) + e'^giMZ), V'^X,) 

where Itr : tr{TJ^) — > ltr{TJ^) is the projection associated to the de- 
composition (fTUj). 

We shall need the multiplicative filtration {F'^VL^ : r > 0, k >r —\) 
of the de Rham complex Vt*{M) as devised by F. Kamber & P. Tondeur, 
(cf. also 0, p. 120). That is 

F'^n'^ = {ooe n\M) : ix, ■ ■■^x,.,.^,uj = 0, X, G T(^)}. 

An useful reformulation of (j30|l is C-zXt + /«(2)x.7=" ^ -F^f^™" or equiva- 
lently (as T{T) J k = 0) 

(32) + (m+ 1)kAx^ e 

The way k depends upon (^, i?) is described by the following 

Corollary 3. Let T he a r -lightlike foliation of a semi-Riemannian 
manifold with Rad TjF trivial. Let ^' = ■ ■ ■ be another global 
frame of Rad TJF and let E' M be another complement to Rad TJ^ 
in S(TJ^^)^. Then there exists a C°° function f : M ^ GL(r, M) such 
that 

(33) «:(e', E') = E) + trace(/-i d/). 
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In particular if is a 1-lightlike foliation and there is E) such that 
d E) = {] then the de Rham cohomology class E)] G H^{M, M) 
doesn't depend upon the choice of{^, E) . For instance let M he complete 
and let ^ be a lightlike Killing vector field on M . Let T he the 1- 
lightlike foliation of M such that T{J^) = M^. Assume that there exist 
G-invariant glohally defined nowhere zero vector fields V G S{TJ^-^)-^ 
and W G S{TJ^-^) such that p9|) holds. Then k(^,MV^) is closed. 

Proof. Let {V/ : 1 < i < r} be a local frame of E', defined on an open 
set U' CM such that t/ n t/' ^ 0. Then V/ = 4ij + for some C°° 
functions a], &^ : t/ fl f/' M. Let us set g[j = g{^[, V-) and (according 
to the proof of Lemma d) [g''^] = [g'ij]~\ Let / = [/j] : M GL(r,R) 
such that ^' = Then 

(34) g^^=bUlg'''. 

Let N'j be given by 

iv; = -Ig'^'g^'giK, v^)i[ + g"^vl , i < j < r. 

A calculation based on ()34|) shows that 

(35) iVj = Y.{f-')IN, + \{d,g"' - alg"\f-'%fl}i. . 

i=l 

Consequently 

yielding (jHS))- When r = 1 the identity (jHS)) becomes 
n{i\E') = K{i,E) + d\og\f\. 

Q.e.d. 

6. The transversal divergence theorem 

Assume from now on that is transversally screen oriented. Then 
the local (g — r)-forms A ■ ■ ■ A rj'^~'^ glue up to a (globally defined) 
(g — r)-form Vsixr^) Let vjr be the g-form on M given by 

ujr = fi^ A ■ ■ ■ A fi^ A Ugfrpjr^y Thcu uj := Vjr A is a volume form 
on M. We denote by V{J^) the set of all infinitesimal automorphisms 
of T i.e. Y G V{T) is a vector field on M such that [X, Y] G T(jr) 
for any X G T{J^). The transversal divergence operator is the map 
divs : V{J^) C^{M) given by 

/:yi/^ = divB(r) z/^, rGK(^). 

Cf. e.g. [Oj, p. 126. One checks easily that 
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Lemma 6. Assume that 1) the complement E in (0) and the local frame 
{Vi : 1 < i < r} may be chosen such that Ni G VlJ-"), 1 < i < r, and 
2) there is a transversal screen distribution S(TJ^-^) admitting a local 
orthonormal frame {Wa : 1 < a < q — r} such that each is a local 
infinitesimal automorphism of . Then vjr is holonomy invariant. In 
particular div^X = for any X G T(jF) and div^V G Q%{J-') for any 
Y G V{J^). 

We shall prove the following lightlike analog of a result by F. Kamber 
& P. Tondeur & G. Toth, 01 

Theorem 2. Let be a tangentially and transversally screen oriented 
lightlike foliation of the semi-Riemannian manifold {M,g). Assume 
that the radical distribution of J-" is trivial {i.e. Rad TjF ^ M xM.) and 
there is a transverse bundle tr{TJ^) = ltr{TJ^)(BS{TJ^^) with ltr{TT) 
and S{TT-^) as in Lemma^ If dM = then 

(36) / divB(r) u^AX:f= + 1) / {lyn) A 
Jm Jm 

for any compactly supported Y G V{J^). 

When M is a manifold-with-boundary {dM ^ 0) the problem of 
producing a foliated analog to the semi-Riemannian divergence theorem 
(cf. B. tinal, [lU]) is left open. 

Proof of Theorem^ Let Y G V{J-') and Z := tra(y). A calculation 
shows that {iz d uyr) A xj^ = 0. Then we have (by Lemma Ej) 

{dwBY)uj = {({\VBZ)ur r\XT = {C.'ZyT) r\XT = 

= {{diz + izd)ujr} Axjr={d iz fp) A = 

= d {{izi^r) A Xt) + (-l)''(«z'^^) A dxT- 
If we set if := dx^ + {fn + 1)k A xr then (as T(jF) J z/jr = 0) 

(37) {daYBY)uj = d ((zyz/^) A x^) + {-iy{tYi^^) A (v5- (m + 1)/€ Ax^). 

Note that ip G F'^n"'+^ (by (jS21)). Let ([/, x\ ■ ■ ■ , x™, y\-- - , y") be a 
foliated chart. Since T(jF) J iyz/jr = it follows that iyz/jr is a sum of 
monomials of the form dy^ A • • ■ A dy'^^^ with C°° coefficients. Also if 
is a sum of monomials each of which contains at least a monomial of 
the form dy^ A dyK Hence 

(zyz/^) A <^ G F'^+^Or = 

and (j?7|) becomes 

(divBF)w = d {{iy^r) A x^) + (-l)'^+^(m + l)(zyz/^) A k A x^- 



21 

Next T(jF) J K = yields Ktwj: = and then (iyK) Az/jr — /tAiyz/jr = 
so that 

(38) (divBF)cu = ((zyi^^) A x^) + (-l)''(m + l)(2y/€)cU. 
Finally one integrates (jHHj) over M and uses the Stokes theorem. 

7. Lightlike functions 

Let (M, (7) be a n-dimensional semi-Riemannian manifold. A C°° 
function / : M ^ R is said to be lightlike if V/ is null i.e. Crit(/) = 
and g(y f, V/) = 0. For instance if M = (1 < s < - 1) then a 
smooth function / : — M is lightlike if {fxj^{x), ■ ■ ■ , fxS^)) 7^ at 
any x G M" and 

j=l j=s+l 

where f^^ = df /dxj. Let / : M — >■ M be a lightlike function and let 
be the foliation by level sets of / so that 

T(^) = {X e T{M) : X{f) = 0}. 

Then dimKr(J^)^ = 1. Consequently T{T)^ = RVf. Taking into 
account the classification in Table 1 

Proposition 7. For any lightlike function on a semi-Riemannian man- 
ifold the corresponding foliation by level sets is co-isotropic. 

Indeed Rad TJ" = T{T)r\T{T)^ = RVf. We wish to apply the results 
in Section 1 to foliations by level sets of lightlike functions. Therefore 
we choose a screen distribution S'(TjF) such that 

(39) T(J^) = S{TJ^) © RVf 

(and S{TJ^^) = 0). As S{TJ^) is nondegenerate T(M) = S{TT) © 
S{TJ^)-^. In particular dimjR 5 (TjF)-*- = 2. Let ii^ — »• M be a real line 
bundle such that 

(40) S{TJ^)^ = {RVf)®E. 

Given V G T°°{U, E) such that K 7^ for any x G M we set 

(41) N=^{V~-^-^Vf} 
^ ^ V{f)^ 2 V{f) 

hence 

(42) g{N,N)=Q, N{f) = l. 

Clearly if A^' is similarly built in terms of a nowhere zero V G r°°([/', E) 
then V = \V for some function X : U nU' -^R hence N = N' 
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on U nU'. This furnishes a globally defined C°° section in S'(TjF)^ 

possessing the properties (j42j) . Then tr{TJ-') = M.N is a choice of 
transversal bundle and in particular 

T(M) = T{T) © RN. 

Proposition 8. Let f : M ^ be a lightlike function on the semi- 
Riemannian manifold {M,g). Let T he the foliation of M by level 
sets of f . Then the isomorphism o : z/(jF) ^ tr{TJ^) is given by 
a{s) = Y{f)N for any s = Il{Y), Y G T{M). Consequently the second 
fundamental form h of in {M,g) is given by 

(43) a h{X, Y) = -Hess/(X, Y)N, X,Y e T(J^). 
Finally k E n\M) is given by T{T) J k = and 

(44) 2K{N) = {C^g){N,N)- 

^ -{tTs.ceg{Cvg)s(TT) - ^TTTV^P/ " 2Hess/(e, iV)]} 



on U ^ M, where □ is the Laplace- Beltrami operator of{M,g), while 
and Hess/ are the gradient and Hessian of f . 

For instance 

Corollary 4. Let f : M" —>-W be the linear function 



Xj 



(45) /(xi,--- ,a;„) = ^ 

i=l j=s+l 

and let T be the corresponding foliation of M" by affine hyperplanes. 
Let S{TJ-') be the span of {Xa : 1 < a < n — 2} where 



(46) Xa 



'da-^f^dn, if l<a<s-l, 
da+1 — dn , if s < a < n — 2. 
Then S'(TjF) is a screen distribution i.e. holds. Also if 



j s— 1 n 

(47) + 

i=l j=s 

then E = M.V is a complement to Rad TjF in S{TJ-')-^. Finally V and 
V/ are Killing vector fields on M" and consequently h = and k = 0. 

Here di is short for d/dxi. Proof of Proposition^ It suffices to 
compute K,{N). On one hand 

gi[N,^],N) = ^iC^g){N,N). 
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On the other hand 

□/ = traceg Hess / , 

Hess^(x,r) = - (v^r)(/), x,r g t(m), 

and 

Lemma 7. Let (M, g) be a n-dimensional semi-Riemannian manifold 
of index 1 < s < n — 1. Let {Xa : 1 < a < n — 2} he a local or- 
thonormal {i.e. g{Xa,Xh) = eaSab, = 1) frame of S{TT) defined 
on the open set U O M. If f : M ^ is a lightlike function and 
e G {±1} then {Xi, ■ ■ ■ , X„_i, ^±(e/2) A^} is a local orthonormal frame 
of T{M) on U . In particular a screen distribution S{TT) has index 
mA{S{TT),g) = s-l. 

Consequently 

-e\V'xXa){f) = Df - 2Hess/(^,iV) 
hence (by (gH) and V G S{TJ^)^) 

g{N,Hs^Tr)) = ^{^^(V^, - (VlXj(/)} = 

= 'WU) + W^^°^ " 2HessKe, N)] 

and ()44|) is proved. Let us look at the example ()45|) . The tangent 
bundle T(JF) is the span of 



{di - J dn , dj - dn : I <i < s, s + l<j <n-l}. 



Moreover ^ = EUi ^^^^^ ^ ^ ^(•^) ^ • 

1 < a < n — 2} are linearly independent everywhere on M, where the 
XaS are given by Therefore S(TJ^) is indeed a screen distribution 
and S(TJ^)^ is the span of 

s—l n 



i=l j=s+l 

Consequently V G S'(TjF)-'- where \^ is given by (jlTjl . Next are 
independent so that (jin|l holds. For any C°° function / : M" M one 
has C^^g = 2Hess/. Finally a calculation shows that 

' i=l ' j=s+l 

hence (by (gH)) k(X) = 0. 
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